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Abstract 

According to the Ambrosetti-Prodi theorem, the map F{u) = —Au — 
f{u) between appropriate functional spaces is a global fold. Among the 
hypotheses, the convexity of the function / is required. We show in two 
different ways that, under mild conditions, convexity is indeed necessary. 
If / is not convex, there is a point with at least four preimages under F. 
More, F generically admits cusps among its critical points. We present a 
larger class of nonlinearities / for which the critical set of F has cusps. 
The results are true for a class of boundary conditions. 
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The celebrated Ambrosetti-Prodi theorem [T], originally a statement about a 
differential operator between Holder spaces, received a number of amplihcations 
and formulations from different authors. Manes and Micheletti [16] weakened 
the original hypothesis, and Berger and Podolak |1], together with later work of 
Berger and Church [5], presented a geometric phrasing on Sobolev spaces. We 
present a version for each scenario. 

For an open bounded domain H C M” with piecewise smooth boundary, we 
consider the Holder spaces a G (0,1), and Sobolev 

spaces Hf) = fl The Dirichlet Laplacian 

— Ad : C , cr(—A/j) = { 0 < < F 2 ,d < • • • } 

has pure point spectrum (t(—A^) and the eigenvalues are associated with 

a complete set of orthonormal eigenfunctions {fjk ^d} in Bf,. Let / : M —)■ M 
be a strictly convex smooth function with 

/'(M) = [a,6], a,& ^ (T(-Ai 3 ), {a,h) r\a{-AD) = Urn f"{x) = 0. 

\x\^oo 
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Theorem (Ambrosetti-Prodi, [T], [IS]). The differential operator 
F:Bl^ B\ F{u) = -Anu - f{u) 

is a smooth map with critical set C C Bj^ diffeomorphic to a hyperplane. The 
complement B^ — F{C) splits in two connected components Cq and C^. The sets 
Co,F{C) and C 2 have respectively zero, one and two preimages. 

The critical set of F consists of the critical points of F or, in other words, the 
functions u G Bj^ for which DF{u) is not an isomorphism. 

Berger and Podolak |1] and Berger and Church [3] introduced additional ge¬ 
ometric ingredients. Here, Sobolev spaces are especially convenient. For an 
element m of a vector space, the set (u) is the line through 0 and u. 

Theorem (Berger-Church-Podolak, [I], [3]). For f as above, F : Hf —)■ is 

a global fold. More precisely, split in orthogonal subspaces. 

Then there are global homeomorphisms ( : Hjj —)■ © M and f —)■ © M 

for which F{z, t) = o F o (~^{z, t) = {z, t^). 

Said differently, the following diagram commutes. 


Hi 

A 


1 e 

1T°©M 

1T°©R 


So-called Ambrosetti-Prodi type results for different boundary conditions have 
been considered also extensively (0,1211,1171, lEl). 

Settling a question raised by Dancer im , we prove a converse result under mild 
conditions: the theorems do not hold for a nonconvex function /, for a number 
of boundary conditions. More precisely, we consider a domain of self-adjointess 
HI{Q) C of — Af, : F[^{Tl) —)■ F[^{Q) corresponding to standard boundary 

conditions, dehned in Section II. 11 for which (t(—A;,) = {/ii,b < /U. 2,6 < • • •}• 
Dirichlet, Neumann and periodic boundary conditions are standard. 

As for the nonlinearity, we assume that / : M ^ M is a smooth function and, 
in different sections, we use some of the following hypotheses: 

(1) (strict interaction with piThere are m, M G M for which 

/'(M) = [m, M] and m < < M < p. 2 ,b ; 

(2) (genericity) The functions f' — f" and f" have no common zero; 

(3) (nonconvexity) f” has a zero x*; 

(4) (nonresonance with pi^fe) There is an e > 0 such that 

/'(x) > + e for X —)■ cx) and f'{x) < — e for x —> —cx). 
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Define Bl = Hi n and consider F : Bl ^ and let D be a dense 

subspace of Bl in the norm. 

Theorem 1. Consider a standard boundary condition and /et / : M —?■ M satisfy 
hypotheses (1), (2), (3) and (4). Then for some y G B^, F{u) = y admits (at 
least) four solutions in D C Bl. 

The result is proved in Section [T] The proof uses ideas of Berger and Podolak, 
also extensively used in [13]. We consider fibers, inverses under F of special 
straight lines, described in more detail in Section \T?2\ Under hypotheses (1) and 
(4), for appropriate coordinates, the restriction of F to a fiber is a map from M to 
M which goes to — cxo for |f| oo. The existence of a point with four preimages 
reduces to the search of a fiber on which such map admits a local minimum. Only 
a weaker version of genericity (hypothesis (2)) is used in the proof. 

In Section [21 we provide geometric information of local character which, in 
a sense, strengthens the previous theorem: generically, F admits cusps. The 
literature concerning cusps of differential operators is extensive (S, lEII, dl, 
iza, dl). A self-contained definition is the following. Let Ai(m) be the smallest 
eigenvalue and the associated L^-normalized eigenvector of the Jacobian 

DF{u) ; Bl —)■ B^. As we shall see in Proposition [TTl a zero Uc of the function 

A : ^ , A(m) = (Ai(m), Ji(m) = DXi{u) 4>i{u)) 

with Ti{uc) = D6i{uc) 01 (mc) 7 ^ 0 is a cusp oi F : Bl ^ B^. 

At a cusp Uc, a function F admits a simple local form [10]: for some Banach 
space Y, changes of variables near Uc and F{uf) convert F into 

F{w, x,y) = {w,x,y^ — xy), ioi w E Y , x, y E M . 

In particular, points near F{uf) may have one, two or three preimages near Uc- 

Theorem 2. Consider a standard boundary condition. Let f satisfy (1), (2), (3). 
Then either F : Bl ^ B^ has a cusp in D or there is a family of disjoint arcs 
each of which is taken by F to a single point. In both cases, for some g E B^, 
F{u) = g has at least three solutions. If F is proper, it has a cusp in D. 

An arc is a diffeomorphic image of an open interval. If collapsing arcs exist, 
they are abundant, being parameterized by an open set of a codimension 3 sub¬ 
space in Bl. There is another simple hypothesis which guarantees the existence 
of a cusp, presented in Proposition [TH 

An ancestor of these results is Theorem 4.3 in [12]. Suppose f{x) goes to oo 
when |a;| —)■ oo and f" is strictly positive: then the differential operator 

G : C^([0,1]) —)■ C°([0,1]), ue^iiFfiu), «(!) = m(0). 
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is a global fold. On the other hand, under generic hypotheses which we do not 
describe, if f" is negative at some point then G has points with four preimages. 

Cusps are frequently associated with operators F{u) = —Au — f{u) for cubic 
nonlinearities /. Ruf’s global study of the geometry of the nonlinearity f{u) = 
—u^ + cu is a very interesting case study ([23]), in which the associated operator F 
is proper. Hypothesis (1) excludes such functions, but the alternative hypothesis 
(Hk) is more tolerant: 

(Hk) The operator —A^ : —)■ is self-adjoint, some eigenvalue fj.k,b is isolated 

and simple and there are points G M for which 

= yk,b and /"(i/^) /"(x^) < 0. 

Theorem 3. Suppose standard boundary conditions and hypotheses (2) and {Hk). 
Then either F ■. Bl ^ has a cusp in D or there is a family of disjoint arcs 
each of which is taken by F to a single point. For k = 1, a cusp in D necessarily 
occurs if F is proper or f"'{x^), fiy^f) > 0. 

The proof of Theorems [2] and [3] splits into a few steps. We hrst show in 
Section 12.11 that the requirements on Uc in Theorem [2] consist of an appropriate 
description of a cusp. In Section 12.21 we hnd a zero Unf of (an extension of) A 
taking only two real values, which is mollihed in Section 12.31 to obtain a smooth 
zero Unf of A in H. We are left with showing in Section 12^31 that the transversality 
conditions stated in Theorem [2] are satished either by Unf or by some zero Uc E D 
of A nearby. For Dirichlet conditions, for example, we may take Uc G C'“(H). 

The technique for mollifying functions respecting nonlinear restrictions used 
to pass from Unf to Unf might be of independent interest: a different version was 
used in the construction of homotopies in [5]. 

Under hypotheses (1) — (4), the existence of a cusp Uc implies Theorem [T] 
Indeed, from the local form of F near Uc, there is a point g with three preimages, 
as for the polynomial p{x) = x^ — x near zero. A fourth pre-image arises because, 
by hypothesis (4), F is proper of degree zero (or because along a hber, for large 
I a: I, the function F looks like x i—)■ —x^). 

Theorems [Hand [2] replicate the structure of a pair of papers by Ruf. In [25] he 
hnds points in the image of a semi-linear elliptic boundary value operator with 
hve preimages. In [23] he shows that the operator acting on functions dehned on 
intervals or rectangles (with Neumann boundary conditions) admits a butterfly Ub, 
so that there are points near F{ub) with hve preimages. Since we stop at cusps, 
our computations are simpler despite of the fact that we handle Laplacians on 
arbitrary bounded sets. The mollifying arguments we employ allow us to be 
rather careless about boundary conditions up to the last moment. 
Acknowledgements Tomei and Zaccur gratefully acknowledge support from 
CAPES, CNPq and PAPERJ. 
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1 Proof of Theorem [T] 


We sketch the proof of Theorem [TJ Let "01,6 he the positive normalized eigenvector 
associated with the free eigenvalue In Section 11.21 following ideas in [1] , we 
foliate Hi and Bl into fibers, the inverses of lines {^ + s -01,b, s G M} which turn 
out to be connected curves of the form {w{z, t) + t G M, {w{z, t), V’i,b) = 0} 
(brackets denote the usual inner product). 

Fibers are easier to obtain in Sobolev spaces, but in general working on Holder 
spaces is simpler, due to the additional smoothness of the function F restricted 
to them. The restriction of F to each fiber {u{z, t), t G M} C Bl is of the form 
F^{u{z,t)) = z + h{u{z,t))fi)i^}y for a real valued height h for which, as shown in 
Proposition [HI 

lim h{u{z,t)) = —oo. 

\t\—^oo 

Thus, in order for F to be a global fold, the restriction F^ should look (topo¬ 
logically) like 1 1 -^ On the other hand, we will construct in Section HTT] fibers 
u{z,t) on which F^ admits a strict local minimum. The asymptotic behavior of 
h implies the existence of points with four preimages, proving Theorem [H The 
interested reader may hnd a numerical example in Section 5.3 of [7]. 

It turns out that critical points of h along a fiber are exactly the critical points 
of F (Proposition IH]). The properties of interest at the local minimum Um, 

1. Um is such that v —AhV — f{u)v has an eigenvalue equal to 0, 

2. The height h at Um has positive second derivative along its hber, 

are verihed by checking if Xfiu) = 0, Si{u) > 0 for appropriate functionals Ai and 
hi (introduced in Theorem [2]) which extend to bounded functions in We first 
find such a point u among two valued potentials, a class of very simple functions 
dehned in Section [L3l Mollification then yields the required u E Bl. 

1.1 Basic spectral theory and smoothness 

We consider boundary conditions associated with domains Hi = Hlifil) C H‘^{fil) 
on which —A;, : Hi —)■ H^ is self-adjoint. Set cr(—A;,) = {pi,6 < /i 2,6 < • • •} and 
let be the positive normalized eigenfunction associated with By the 

Kato-Rellich theorem, for q G 

Tq: Hi C H^ ^ Hfi v^-AbV-qv 

is also self-adjoint. A boundary condition is standard if the conditions below 
hold. 

1. The smallest eigenvalue Af of Tg is simple (hence isolated). 

2. There is a unique L^-normalized eigenfunction > 0 associated with Afi 
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3. On bounded sets of potentials q, the sup norm of is uniformly bounded. 

The boundary condition is implicit in the notation and (f)\. We recall some 
basic facts from spectral theory and elliptic regularity (Ha, I2D1). 

Proposition 1. Dirichlet, Neumann and periodic boundary conditions are stan¬ 
dard. For standard boundary conditions and q < M < qL 2 ,b, Tg is not invertible if 
and only if X\ = 0. 

Set (IH^. The differentiability of F is also well known f[2].[Tn]b 

Proposition 2. For a smooth function / ; M —)■ M the map F : ^ is 

smooth. If f satisfies hypothesis (1), then F : —)■ is a map. In both 

cases, if f\u) < M < 112,b, the differential DF{u)v = —Af,v — f'{u)v is always a 
Fredholm operator of index zero, with kernel of dimension at most one. 

In Z = lf{VL) consider the L^-inner product {u, v) — notice that Z is 

not a Banach space. A sequence {um, m G M} C Z is ub-convergent, Um Moo , 
if Um Moo in and {um, m G N} is bounded in the L°° norm. Given a metric 
space M, a function G : X C Z —)■ M is w^-continuous if it takes wfe-convergent 
sequences to convergent sequences in M. In particular, if X is bounded in the 
sup norm, G is continuous. 

For a smooth function / : M —)■ M we are interested in potentials of the 
form q = f'{u). For a standard boundary condition, let Ai(m) = Af denote 
the smallest eigenvalue of the Jacobian DF{u) : Hi —)■ and 0 i(m) = is 

the associated positive L^-normalized eigenvector, which by standard regularity 
results is necessarily in Bl if u is. 

Proposition 3. The functions Ai : —)■ M and (fi : Bl ^ are smooth. The 

extensions Ai : Z —)■ M and : Z —)■ are ub-continuous. 

The proof is given in Section 14.21 

For F between Sobolev spaces, the functions Ai and 0i are not smooth enough 
to consider higher singularity theory, in particular cusps. Sobolev spaces suffice 
in Section [H which handles folds in a disguised form. For F between Holder 
spaces, the smoothness of Ai and is used in Section [2] when we study cusps. 

1.2 Fibers and asymptotics on fibers 

Locally, the construction of hbers is a Lyapunov-Schmidt decomposition associ¬ 
ated with an eigenvector. Hypothesis (1) provides a global decomposition. There 
are analogous results which hold locally under hypothesis (iJfc), and this fact 
will be used in Section [31 The arguments in this section are valid for boundary 
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conditions for which the smallest eigenvalue of —A;, : —)■ is isolated and 

simple — the positivity of the ground state is not needed. 

Split and orthogonally into horizontal and vertical subspaces, 

H^ = W^(BV, H^ = W^®V, \\M\ho = 1. 

For a hxed 2 ; G W^, the set {z + , 2 ; G , s G M} is a vertical line in the 

image — its inverse under F is a fiber F^. Clearly, the domain is a disjoint 
union of hbers. Versions of the next result may be found in a. Ea, dJ], EH. 

Proposition 4. Suppose hypothesis (1). Fibers F^ are indexed by z E and 
are parameterized by t E M.' u{z,t) = w{z,t) + tfii^b, for a map {z,t) 1 —)■ 
w{z,t) E W^. The map F : admits similar smooth fibers: a fiber of 

F : Hi with a point in B^ is completely in B^. 

The last statement seems to be new and we sketch a proof: at regular points 
oi F : BI ^ B^, tangent vectors to the hbers are inverses of 'ifi^b ^ under 
DF{u) : BI -E B^ . One can normalize this vector held and extend it smoothly 
to the whole space B^ — hbers in Bl are the orbits of this vector held. 

We now consider F along a hber F^ = {u{z,t)} C B^ — the parameter 2 ; is 
kept hxed, and we drop any notational reference to it. The restriction of F to a 
hber is essentially given by the height h of its images, 

F{u{t)) = z + h{u{t)) ifi^b, t G M , 

a smooth map for hbers in B^. 

The critical set of F : —)■ restricts well to hbers. More, critical points 

of the height are described in terms of spectrum of DF fpj.jlUj). 

Proposition 5. Let / : M — )■ M 6e smooth and suppose (1). The derivative 
h{u{t)), the height of a fiber u{t), is zero exactly at critical points u(to) of F : 
Bl —)■ F°. The eigenfunction (j)i{u{to)) of DF{u(to)) is a positive multiple of 
u'(to), the tangent vector to the fiber at u(to). Finally, there is a strictly positive 
smooth function p : —?■ M for which 

^ h{u{t)) =Dh{u{t))u'{t)=p{u{t)) Xiiuit)). 
dt 

Proof: Diherentiate the formula for h, DF{u{t))u'{t) = (^Dh{u{t)) u'{t)^fii^b- 
Since u(t) = w'{t) + fji^b 0, both sides are zero if and only if vlifi') lies in 
the kernel of DF{u{t)). Thus, the critical points of h{u{t)) and of F are the 
same and, at such point u(to), keiDF{u(to)) = {u(t)) and u'(to) = c(f)i{u(to)) 
for some c G M. Now, {(f)i{u(t)), fiii^b) > 0, as both functions are positive, and 
{u'{to),'ijji^b) = {w'{to) + > 0, so that c> 0. 
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Since Ai and h' have common roots in each fiber, it suffices to show that p is 
well defined in neighborhoods of these roots. Clearly 

At a critical point u' = c0i(m),c > 0 and nearby {(f)i{u(t)), u'(t)) > 0. Thus p, a 
quotient of smooth nonzero inner products, is smooth. ■ 

For the reader’s convenience, we transcribe the argument in [7] describing the 
asymptotic behavior of F along a fiber, already obtained in |1]. 

Proposition 6. Let f satisfy (1) and (4). Then on each fiber u{t) G 

lim h{u{t)) = —oo. 

£—>•±00 

Proof: Since F{u{t)) = z + h{u{t))'ipi^i, for 2 ; G and T V, we have 

h{u{t)) = {F{u{t)),fiifi). Since F{u) = -AbU - f{u) and -Abfiifi = pi,6'0i,6, 

h{u{t)) = pifit - [ f{u{t))fii^b- 

Jn 

From hypothesis (4), f{x) is bounded below by two lines, 

- e) X + c_ , + e) x - c+ < f{x). 

We consider t ^ 00 . Since u{t) = w{t) + tfii^b, for w{t) G T V, 

h{u{t)) < pi^bt - / {{iai^b +e){w{t) Ftfii^b) - c+) fii^b <-et + c+ / V’l.fc 
Jn Jn 

and we are done {t ^ —00 is similar). ■ 

1.3 Two-valued potentials 

Denote the usual argument from \ {0} to [0, 27i) by arg. The sector S{6) is 

S'(0) = {x = (a:i,X 2 ,... ,x„) G M”, arg(a:i,X 2 ) < 0 or (a:i,X 2 ) = 0}. 

We abuse notation slightly and define S'(O) = 0 and S'(27r) = M". 

For a fixed p G D C ML, we consider the translated sector p + S'(6*) and split 

Q = {Qn{p + S{e))) U (Dn(p + F(0))") = 

in disjoint subsets with characteristic functions xe and Xe — the point p stays 
fixed and is omitted. For 9 G (0,27r), both sets have nonzero measure. For the 
proof of Theorem [H a family of parallel hyperplanes would suffice. In Section [3] 
(more precisely. Proposition [T^ an appropriate choice of p is convenient. 


The set of two-valued functions is 

V = {q{L,R,9) = Lx9 + RXe, L, R e R, 9 e [0,27i]} C 

We simplify notation: for q = q{L, R,9) = Lx9 + RXe ^ set 

^ i7°, V ^ -A^n - g(L, R,9)v, 


so that the smallest eigenvalne and positive normalized eigenvector restrict to 

Af : X [0, 27r] —)■ R and (/)f : R^ x [0, 27r] —)■ . 

A triple (L, i?, 0) G R^ x [0, 27r] is balanced if Af (L, i?, 9) = 0. The next lemma 
shows that balancing is freqnently feasible. 

Lemma 1. There is a continuous function 

0:(( -cx),/ii,b] X (pi,fe,oo)) U ((/ii,b, oo) X (-oo,yUi,b]) (0,27r) 

{L,R) ^ e{L,R) 

such that Xl{L, R,Q{L, R)) = 0. Also, 0(/ii,6,i?) = 27r and Q{L, = 0. 

Proof: Clearly, the map l : (L, R, 9) E R^ x [0,27r] i-G- q{L, R,9) G Z is 
continnous, so that Af : R^ x [0, 27r] —)■ R and (/)f : R^ x [0, 27r] —)■ are too: 

proceed as in the proof of Proposition [3] with the composition $ o 6. 

Snppose that L < pi t, < R, the other case is similar. We have 

Af(L, R, 0) = fii^b — R < 0 and Af(L, R, 27r) = fii^b — L > 0 , for L ^ qii^b, 

Af R, 27r) = 0 and Af R,9) < 0 , for 0 G [0, 27r). 

Thus, for a given L G (—cxo,/ii b], a balancing 0 exists by continuity in 9 of Af. 
We now show uniqueness and continuity in L. 

For Li < L 2 , Ri < i ?2 and 0 < 6^1 < 6*2 < 27r, consider points (Li,Ri,9i) 
and {L2,R2,92) associated with potentials q^, operators Tq. and quadratic forms 
Qi{v) = {v,Tg.v), for i = 1,2. Clearly, q^ < ^2 pointwise a.e., A^^ > A^^ 
Af* = Qi{(fl") and > 0 in 12. Also, Tg^ = Tg^ + g+, for a potential g+ > 0. If 
{Li,Ri,9i) and {L2,R2,92) are distinct, ^ 0 and 

A? = QM') = «2(<) + (?+ ■#■!■.<) > > A? . 

Thus A^ is strictly monotonic on each coordinate and Q{L,R) is well dehned 
for {L,R,9) G (— oo,/ii,6) x (pi^b, 00 ) x (0,27r). Similarly, 0 is strict monotonic 
along the segment R,9), 9 E [0, 27r], so that Af(yUi,;„ i?, 0) < 0 , 6 * G [0, 27r), 
enforcing 0(/ii b,i?) = 27r. Finally, from the continuity of Af, 0 is continuous. ■ 
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Throughout the text, we deal with two-valued functions u{i, r) = I Xe + 'i^ Xe; 
giving rise to potentials 

(l{L, R) = r)) = f'(£) xe + f{r) Xe = Lxe + RXe- 

We use capital and lower letters to specify the different nature of the quantities. 
Abusing notation slightly, we say in this case that (£, r, 9) is balanced if the 
potential associated with {f\£), 9) is. 

1.4 A point with four preimages 

As stated in the sketch of proof above, we search for a critical point u{to) for which 
the height h along its fiber u{t) has a strict local minimum. To classify the local 
extremum we use an additional derivative, by slightly amplifying Proposition [3l 

Proposition 7. Let f satisfy hypothesis (1). The derivative of the smooth func¬ 
tion Ai : M along v E is 

D\i{u) V = (VAi(M),n) = - [ f"{u)(pl{u) v, VAi(m) = -f{u)(j)l{u) E Z. 

Jn 

The extension Ai : Z —)■ M admits Gateaux derivatives along v E Z given by the 
same formulas. The map VAi : Z —)■ Z, n VAi(m) zs ub-continuous. 

For the proof see Section 14.21 Dehne the nfe-continuous map 

(fi : Z -)■ M, M H- DXi{u)(j)i{u) = -{ f{u) 01 (m) ) . 

Say s if both numbers r and s have the same sign. We search for a function 
u{to) for which, from Proposition [5|, 

^h{u{t))\t=to =Piuito)) Xiiu{to)) = 0 , 

— h{u{t))\t=to = L)p{u{to))u\to) Xi{u{to))p{u{to)) DXi{u{to))u{to) 
DXi{u{to))u{to) ~ di(M(to)) > 0. 

For a given standard boundary condition, let D G he a. dense subset of Z. 
In Propositions [S] and [HI we hnd respectively a two-valued function u E and 
then u E D which are zeros of Ai and on which takes positive values. 

The sequences {x^} in the next lemma play the role of almost critical points. 

Lemma 2. Let g : ^ M. be a smooth Morse function with bounded image 

containing an interior point /i. Then there are seguences E M satisfying 

the following properties. 
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1. lim ^'(x+) = lim g'{x^) = 0, 9 '{x^) ^ 0, 

m—)-oo m—^oo 


2 . 


lim g{x+) 


m—>-oo 


R+>fi, lim g{xj 

m—>-oo 


i? < /i . 


We will use the lemma above for the function g = f and /i = 

Proof: Without loss, /i = 0: the general case follows by translation. We prove 
the existence of the other case being similar. Since /i = 0 is an interior point 
oig{M.), /l+ = {x G M : 5 '(x) > 0} is nonempty. If A'^ contains a critical point 
x"*", then g{x~^) > 0, g'{x~^) = 0, and since is a Morse function, the existence of 
the requested sequence x^ —)■ x"*" is clear. 

Suppose that ^ M has no critical points: by the monotonicity of g in 
its connected components, A'^ necessarily contains a semi-inhnite interval, say 
(c,+cxo) 7 ^ M (the case (—cxo,c) being similar), in which g' is strictly positive. 
Since g is bounded, as x ^ +oo we have g —)■ > 0. For the existence of the 

desired x^, we show that 


Ve > 0 , yN G M, 3x x > N and g'{x) < e . 


Arguing by contradiction, there are e > 0 and iV G M for which g'{x) > e if 
X > N. But then g is unbounded: integrate g' on intervals [N, N + p\,p > 0. ■ 


Proposition 8. Suppose (1), (2), (3). There is u eV with Xi{u) = 0,(5i(m) > 0. 


Proof: From (3), take x* with f''{xA) = 0 and thus f\xA) ^ Pi,b, ^ 0, 

by (2). Suppose also f{xA) < — the other case is similar. By (2), there is a 

point x~ arbitrarily close to x* for which f'\x~) < 0, with f'{x~) < 

For p G we consider translated sectors p + S{6) dehned in Section [TT^ For 
x^ obtained from Lemma [2] with g = /', set 

= Hr, x+, 0^ = 0(x3, x+)) = x; xsm + Xe,^ , 

so that Xi(u^) = 0 by balancing (Lemma d]): notice that f (^m) > 

Pi^b- From the dehnition of a standard boundary condition, the eigenfunctions 
0i(^m) of the potentials q{f'{x~),f'{x^),Qrn) = f'(Um)y uniformly bounded 
and converge to the eigenfunction for the potential q{f\x~), R'^,Qoo = 
R'^)). By the continuity of (5i (Proposition [7j), 


lim di{u+) 

m—>-oo 


/ - f (lim f"{xi)){<t>rf >» 

■in.* 


and thus, for some large K, 5i(nJ) > 0: take u = u'j^. 

We now mollify uk- Recall that D C is dense in Z. 


Proposition 9. Assume (1), (2), (3). There is u E D with Xi{u) = 0, 5i(m) > 0. 
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Proof: For uk = u{x~, x^,Qk) G Z as above, \i(uk) = 0,6i(1Ik) > 0. 

Let U C Z be an open ball centered in uk in which hi is positive. Consider 
the segment u{t) = u{x~ + t,x^,QK) G for t near zero (notice that Qk 
stays hxed). Since f'\x~) < 0, from Proposition [71 Xi(u(t)) at t = 0 is strictly 
monotonic. Thus, there are u'^,u~ G U with > 0 and Ai(m“) < 0. Now 

take u^,u~ E U O D ior which Ai(m’'') > 0 and Ai(m“) < 0. By continuity, there 
is n G £) in the segment joining and u~ for which Ai(m) = 0 and hi(n) > 0. ■ 



This completes the proof of Theorem [H for the function u above, F{u) has 
(at least) four preimages. Notice that a weaker version of hypothesis (2) would 
suffice: the fact that f' — fii^b and f"' have no common roots is easily removed. 


2 Cusps and Theorem [2] 

The proof of Theorem [2] requires a few steps. In Section 12.11 we validate the 
characterization of a cusp as a zero Unf of the function A, together with the 
transversality condition Ti{unf) ^ 0. The next step is to obtain a zero Unf G V 
(Section 122]) and then by mollihcation a smooth zero Unf (Section [22]) for which 
VAi(m„/) and V(5 i(m„/) are independent. Finally we show that some Uc nearby 
does everything we want: it is either a cusp (i.e., it satishes Ti{unf) 7 ^ 0 ) or a 
point for which F{uc) has a full interval of preimages fSection 12 .4p . 

2.1 Folds, nonfolds and cusps 

From the arguments of Section [T] there are fibers on which the height h has local 
maxima and minima. A coalescence of both extrema would yield a critical point 
of h for which the second derivative along a fiber is zero — a point like this is a 
nonfold, which we proceed to describe in detail. Nonfolds which satisfy additional 
generic properties are cusps. 

Nonfolds and cusps are identihed with local checks: they do not require 
asymptotic hypotheses like (4). For maps between spaces of hnite dimensions. 
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folds and cusps are special cases of Morin singularities (lin]), which generi- 
cally correspond to critical points u at which the differential DF{u) has ker¬ 
nel of dimension equal to one. Their characterization is amenable to exten¬ 
sions: for example, cusps of functions between Banach spaces are well known 
(0,|IDl,|Ill,|Za,|21 ■ |15]). We are especially interested in the geometric charac¬ 
terization in p. 183 of HDl. which we transcribe. 

For X and Y real Banach spaces, let U (Z X be an open set, G : U ^ Y a. 
smooth function. Recall that C Z U, the critical set of G, is the set of points of 
U on which DG is not invertible. We require C to be a manifold. Also, let J\f Z C 
consists of critical points u for which Kei DG{u) Z TuC. Then Uc & U is a cusp 
of G if and only if 

(a) DG{uc) is a Fredholm map of index 0 and dimKer Zi)G(Mc) = 1, 

(b) C C f/ is a manifold of codimension 1 and Uc G Af, i.e., Ker DG{uc) C 

(c) A/" C C is a manifold of codimension 1 of C and Kei DG{uc) N. 

First, we settle the smoothness of the functions in Theorem [2j Some of the 
required computations are known (|23] is a good example). From hypothesis 
(1), for u E Z, the eigenpair Ai(m),0i(m) is well dehned. Let V = (0i(m)), and 
consider the orthogonal split Z = W®V, Hi = W‘^®V with associated projection 
Ilw '■ Z —)■ W. Denote the restriction of an operator T to hF by Ty/- 

Proposition 10. Suppose hypothesis (1). Let / : M —)■ M 6e smooth. The function 

A-.Bl^R'^, A{u) = (Ai(m), <5i(m)) 

is smooth. The gradient of 5i \ Bl ^ R is 

X5i{u) = -f'''{u)cl)l{u) - 3m;(m)/"(m)0i(m) G Z, 

where w{u) = Dcfiiu) (fiiu) = [DF{u) — Xi{u)I^^Hwif"{u)(j)l{u)) G Z . 
The extension A : Z —)■ the gradient Vdi : Z —)■ Z and the functional 

Ti: Z ^R, Ti{u)=D5i{u)(j)i{u) = {X6i{u), (pi{u)) 

are ub-continuous. For any 2-dimensional affine subspace W C Z, the restriction 
A|y, : K —^ o map. 

The proof is given in Section 14.31 We now show that the requirements in 
Theorem [2] indeed yield a cusp in the sense above. 


Proposition 11. Assume standard boundary conditions and hypotheses (1) and 
(2). A zero Uc of A : Bl ^ for which T\{uf) ^ t) is a bona fide cusp of F. 
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Proof: For standard boundary conditions and hypothesis (1), Ai and 0i are 

globally defined, even for u G H^. In particular, (a) is satisfied. Denote the 
levels Af^(O) and by C and V, so that Uc E M = C r\V C. B^. Most of the 

result follows from the linear independence of the gradients of Ai and (5i at points 
u G J\f: then near J\f the sets C and D are hypersurfaces and A/" is a manifold, 
obtained by their transversal intersection. 

First, VAi(mc) = ~f''{uc){(l)i{uc)Y ^ 0. Indeed, since the zeros of f" are 
isolated and Uc G Bl is continuous, if f"{uc) = 0 then Uc must be constant, 
implying Ai(mc) = 0 and f'iuc) = /ii, 6 , which is excluded by ( 2 ). 

Thus VAi and V5i are dependent only if cVAi(mc) = V(5i(mc), for some c G M. 
From the expression for V5i in Proposition ITOl 

c/"(Mc)0?(Mc) = -/'"(Mc)0i(Mc) - 3m;/"(Mc)0i(Mc), 
so that (c0i + Sw)f" = In D, 0i > 0, and UcE Af implies 

( 5 i ( mc ) = [ f''{uc)(j)l{uc) = 0 , 

Jn 

so that f"{uc) changes sign. Thus the zeros of f"{uc) must be zeros of f'”{uc), 
again contradicting hypothesis ( 2 ): the gradients are independent. Also, since 
ker DF{uo) is spanned by (j)i{uo), (b) is satisfied, together with the first part of 
(c). The second part of (c) is exactly the requirement ti{uc) 7 ^ 0. ■ 

We make some distinctions among critical points. A folduf is a regular critical 
point of F for which 0 i(m/) ^ (i.e. Si{uf) 7 ^ 0), the generic situation. A 

nonfold Unf G Z is a zero of A : Z —)■ and it is regular if DA{unf) is surjective. 
Thus, a cusp Uc G is a regular nonfold for which Ti{uc) 7 ^ 0. 

2.2 A regular nonfold Unf 

The next result is the key ingredient in the proof of Theorem [2l In a sense, it 
plays the role of balancing for the functional 5i. 

Proposition 12. Suppose (1), (2) and (3) and standard boundary conditions. 
Then there is a regular nonfold Unf G V. 

Proof: We say that two points x, y G M are opposite with respect to a continuous 
function h : M —)■ M if h{x)h{y) < 0. In order to Unf = i Xe+T^ Xe satisfy Xi(unf) = 
0 , either f'{i) = f'{r) = pior £ and r are opposite with respect to f — /ii,b. 
Conversely, f'{£) = f\r) = pi;, implies Ai(m„/) = 0 for any 9 G [0,27r], and 
otherwise a unique balancing 0(£,r) provided by Lemma [U obtains Ai(m„/) = 0. 

Similarly, 6i(unf) = 0 requires that either f”{£) = f''{r) = 0 or £ and r are 
opposite with respect to f". In the construction that follows, we also take £ so 
that f"'{£) = 0 , to be used in the proof that Unf is a regular nonfold. 
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We must consider a few alternatives. From hypothesis (3), there is with 
f"{x^) = 0. By hypothesis (2), f\x^) ^ and f"\x^) ^ 0. Suppose without 
loss that f\x^) < Moreover we can suppose f'"{x*) > 0. Indeed, if 

/'(x*) < /ii, f\x^) = 0, f'\x^) < 0 
there will be another stationary point x** for f' such that 

/'(x**) < fii, /"(x„) = 0, /'"(x**) > 0 

in virtue of hypothesis (1), and we take x^ = x**. Let J_ = and 

J+ = (x*, m+) be the maximal monotonic intervals of f (i.e., the largest intervals 
on which f" ^ 0) having x* as an endpoint. By hypotheses (1) and (2), we may 
suppose that one such interval crosses 

Suppose /' stays below on J_ but crosses for E 1+'. f'{y^) = 

Take ^ to be the point with f" equal to zero in J_: the interval of opposite points 
in which to hnd the appropriate r is = (|/^, 2 ;^), the part of /+ above The 
argument is the same if the roles of the intervals are interchanged. 

Suppose hrst that < 00, and thus = 0, so that £ is opposite to all 

points in with respect both to f — pi 6 and /". 

We compute at extreme points of /^. For u = u{£,y^, Q{£, y^)), we have 

0 (£,I/^) = O, /x(f 2 o) = 0 , r( 2 /^)> 0 , 

<5i(F(£,2//.,0)) = - [ f{i){(j)i{u)f - [ /"(2/^)(0i(m))^ < 0. 

J Hq J 

For u = u{£, Z/,, Q{xi„ z^)), since f'{i) < 0 and f'iz/,) = 0, 

6i{u{i, Zf,, ©(x/,, Z/,))) = - j - j f"{Zf,){(j)i{u)f > 0 . 

By the continuity of (5i (Proposition [7]), there is r G for which u^f = 
u{£, r, ©(£, r)) is a common zero of Ai and (5i. 

Suppose now z^ = 00. Take z'^ ^ 00 as in Lemma [2] for = /', so that 
f{z'^) > fiifi and f"{z^) —)■ 0, and follow the proof of Proposition [HI The case 
when f is strictly greater than fii^b close to y^ on the left is similar. 

If /' crosses both on /_ and /+, take £ E I- with f'”{£) = 0 and search 
for r in the opposite subinterval in 

We now show that Unf with f"'{£) = 0 is a regular nonfold. From hypothesis 
(2), f"{£) 7 ^ 0 and VAi(Mn/) = f"{unf)(j)i{unf) 7 ^ 0. Thus the gradients of Ai 
and (5i are dependent if and only if c.VAi(Mn/) = V(5i(n„/), for c G M. From the 
expression for V(5i in Proposition ITUl 

cf{Unf)(j)l{Unf) = -f''{Unf)(pl{Unf) - («„/), 
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so that (c 0 i + 3w)/" = —Oil ^ 0 ( 1 ,r), where /”'{€) = 0 (and then j"{€) 7 ^ 0 ), 
w(unf) = c'0i(Mn/), for sonie c' G M. 

From the expression for w in Proposition [TDl taking into account that Ai(m„/) = 0 
and 5i{unf) = 0 , so that Ilw{f'{u)(pl{u)) = f"{u)(pl{u), 

w{Unf) = {DF{Unf))w (/"(“n/)01 («„/)). 

Since DF{unf) is a local operator, one may apply it on both sides of 

w{Unf){x) = d (t){Unf){x) , X G 7^ 0 , 

to conclude that f"{tj(l)\{unf){x) = 0 , x G r20(£^r), clearly a contradiction. ■ 

2.3 Smoothing: from Unf to a regular nonfold Unj G D 

Let D <Z BI he a. dense subspace of Z. We obtain a regular nonfold Unf G iA by 
mollification of 2 ;* = Unf from Proposition IT^ Consider a ball B^^r) C Z in the 
sup norm. By Proposition [71 A : B^, (r) C Z is continuous (wfocontinuous 

functions on L°°-bounded sets are continuous) and A(z*) = 0 . 

The existence of two functions vi,V 2 G B with invertible Jacobian 

/ (VAi(z*),ni) (VAi(z*), ^ 2 ) \ 

V (V(5i(z.),ni) (Vdi(z,),V2} J 

is clear, since is a regular nonfold. Let C B he the span of vi and V 2 and 
set 14 = z* + fo. Thus G Z is a regular point of the restriction A* : 14 —t 
which is a map from Proposition fTOl Thus, for small balls Bz,{e) C Bz^{r), 
the topological degree satishes deg(A*, Bz,{e) fl 14, 0) = ±1 . 

Take Zm & B (1 B^^e) with Zm-^z^. Define 14n = + K C D. For large m, 

the restrictions A* : (e) fl 14 —t and A^ : (e) fl 14 n —t get arbitrarily 

close in the uniform norm after composing with the obvious translation. For a 
small ball Bz,{e), 

deg(A*, n 14, 0) = deg(Am, B^,{e) Fl 14n, 0) 7 ^ 0 . 

Thus Am has a zero in Bz,{e) fl 14„ and we obtain a sequence of nonfolds 
Um E Vm F B convergent to z* = Unf in Z. 

The restrictions A^ : 14n —t are smooth and their Jacobians at Um converge 
to iAA*(z*), by Proposition Uni For large m, BA{um) is then surjective and any 
such Um is a regular nonfold Unj G B. 
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2.4 Regular nonfolds imply cusps or worse 

There is only one thing missing to complete the proof of Theorem [2l it is not 
clear that the regular, smooth nonfold Unf E D G satishes the transversality 
condition Ti{unf) = DSi{unf) 0i(Mn/) 7 ^ 0 stated in Theorem [2j We show that 
either the condition is satisfied on an open dense set of regular nonfolds near uq, 
obtaining then the required cusp Uc, or something very implausible happens: an 
abundance of hbers in the domain, each taken by F to a point. 

Recall the zero levels C^V E Bl of Ai and 5i. From Section 12.31 the set of 
nonfolds W = C H "D in nonempty. From the proof of Proposition [HI a point 
Unf E M for which Ti(unf) 7 ^ 0 is automatically a cusp. Thus, 

F has no cusps if and only if Ti is identically zero in Af. 

Recall from Section 11.21 that a hber is the inverse under F of a line parallel 
to the free eigenfunction 

Proposition 13. Suppose Ti = 0 m A/” 7 ^ 0 and the hypotheses of Theorem [H 
Then Af is foliated by fibers, each being sent to a single point by F. 

Proof: As in the proof of Proposition [TTl Af is the transversal intersection of 
the sets C and V, which are manifolds near Af, since the gradients VAi(m) and 
V(5 i(m) are linearly independent. The differential equation in B^ 

U = 01 (m) = , m( 0) = Mo 

has a globally dehned solution 7 = {u{t),t E M}. Also, the vector held u i-7 0 i(m) 
restricts to a vector held tangent to Af . Indeed, Si{u) = 0 and ri(M) = 0 imply 
that 01 (m) is orthogonal to VAi(m) and V(5 i(m) respectively, so that 0 (m) E TN^- 
Thus if m(0) G Af then 7 C A^ and 7 consists only of critical points. 

From Proposition [5l at a critical point u{tc) the kernel vector 0i(M(fc)) of 
DF{u{tf)) is the tangent vector to the hber at u{tc)- Thus integration of the 
vector held above also yields the hbers through points in Af: Af is indeed foliated 
by hbers. Finally, from Propositional along hbers u{t) G Af, 

^ h{u{t)) =p{u{t)) Xi{u{t)) = 0 . 

The height h{u{t)) does not change: F takes each hber to a single point. ■ 

The proof of Theorem [2] is now complete, up to the verihcation in Proposition 
M that under certain additional hypotheses we are sure to hnd cusps for F. 

Are there functions as suggested by the alternative in the theorem? At a 
nonfold Unf, F would take the (local) normal form near the origin: 

<i/{w,x,y,z) = {w, X, y,x a{w,x,y,z)+y I3{w,x,y,z)), w E W, {x,y,z) E 
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where W is a. Banach space. The vertical axes {w, 0, 0, z) are taken to {w, 0, 0, 0): 
they all collapse under F. The simplicity of the example is misleading: its rarity 
is due to the fact that the collapse happens for an open set of W. What is not 
clear is that T indeed is a local form of some function F near some Unj- There 
are nonlinearities for which a few hbers have locally constant height functions 
BZl). but they are far from being as abundant as in the situation above. 

Proposition 14. Consider the hypotheses of Theorem\^ Each of the two possi¬ 
bilities implies the existence of a cusp of F. 

1. F ■. BI ^ is proper. 

2. Unf = u{i,r, Q{i,r)) e V is a zero of A with f"'{i),f"'{r) > 0. 

Hypothesis (4) implies properness of F ([?]) and thus forces cusps. 

Proof: From the hypotheses, a hber u{t) through u{to) G A/ reaches arbitrary 
heights t. If there are no cusps, on the other hand, the fibers in A/" 7 ^ 0 are taken 
to a single point, as just shown above. This cannot happen if F is proper. 

For the second possibility, we have Xi(unf) = 0 and 6i(unf) = 0, so that 
^w{f"{unf)(j)l{unf)) = (/"(Mn/)0?(Fn/)). We show Ti{unf) 7 ^ 0. By Propositiou 
m omitting the dependence in Unf, 

Ti = ( V(5i, 0 i) = (-/"Vi - Sw/'Vi, 01 ) for w= {DF):^{f(j)l). 

Now, [DF):^ : 0^ ^ 0^ is a positive operator, since from Proposition [T] only 
the smallest eigenvalue Ai can be zero. Thus {—?>wf"(j)i , 0i) < 0. We also have 
(-/"V?, 0 i) < 0, since /"'W,r(r) > 0._ 

A cusp Uc is obtained by smoothing of Unf once we know the independence of 
VAi(F„/) and V6i(unf). Since VXiiunf) 7 ^ 0 and Si(unf) = 0, this follows from 

niUnf) = {V6i{Unf), 4>l(Unf)) ^0. ■ 


3 Proof of Theorem [3] 

Most of the argument follows the proof of Theorem [2], with simple adaptations. 
Again, we consider standard boundary conditions. Hypothesis (Hk) guarantees 
that fik,b is simple, so that, from Section ITTl the functional Xk, the k-th eigenvalue 
of DF{u), and the corresponding normalized eigenfunction 0^ are well dehned 
and appropriately smooth in a neighborhood U cZofug for which f'{uo) = p.k,b- 
The characterization of a cusp Mc G 17 is analogous: it is a zero of 

A : f/ n , A{u) = {Xk{u), 6k{u) = DXk{u) (fkiu)) 

for which DA{uc) : —)■ is surjective and Tk{uc) = D5k{uc) 4>k{uc) 7 ^ 0 . 

There are small changes to be made in the counterpart to Proposition [T2J 
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Proposition 15. Suppose {Hj.). Then there is a regular nonfold Unf € V. 

Proof: For the free eigenfunction fjkfii take p & Q for which fjkfiip) 7^ 0 (this is 
automatic for /c = 1, since the ground state is positive). 

The required Unf is of the form u = u{£ = x^, r = y^, 6) = x^xe + y^lXeJ for 
some 9 = Oq. For any choice of 9, f'iu) = so that \kfu) = 0 and f''{u) 
is nonzero on xe and Xe- For 6* = 0 or 27r, u is constant (either x^ or y^) and 
dk{.x^)5k{y^) < 0. If it is zero, take the u for which = 0 to be Unf (in this case, 
integrates to 0 in f2). Otherwise, by the wfe-continuity of Sk in Proposition [Till 
an intermediate 9o yields Unf- 

We now show regularity. From f'iunf) = yk,b, we have 

^kip^nf') 0 , 4>k{pj‘nf') ^^h'k,b') ■ 

Also, dk{unf) = 0 means that {f {unf)'il>xb ^ V'fc.fe) = 0, so that f {unf)'iljl^b ^ 
W. From (Hk), VXkifdnf) = f\unf)fjkb 7 ^ 0 which combined with the linear 
dependence of the gradients VXkiunf) and VSkiunf) imply collinearity, 

V4(Fn/) = dVXk{unf), for deR, 

which, as we shall see, leads to a contradiction. By Proposition ITOl 

-/'"(Fn/) 0^6 -3 m;/"(«„/) = df{Unf )^|Jlb^ 

W = {DF{Unf)-Xk{Unf))\w^w{f{Unf)fjlb) 

= {-Ab - yk,b)\w if"{unf)fjl^b) ^ Hi, 
so that (since f” ^ 0 and 0^,6 = 0 on a set of measure zero) 

f''\Unf) ,2 o .7 / 

- r„t- ^ Wk,b-^w = dipk,b- 

Now, w and ifk,b belong to Hi, and fjk,b{p) 7^ 0, so the two-valued fraction (at p, 
and thus, throughout the jump between fl© and f2@) is actually a constant, say 
a eR. Applying DF{unf) = {-Ab - ykfi), 

a (-Ab - fik,b)ijl,b - 3 f'{unf)'ifl,b = dDF{unf)'ilJk,b = 0 . 

The hrst term on the left hand side is smooth, thus f"{unf) is also a constant. 
But f" has opposite signs at x^ and y^, a contradiction, so that VXkiunf) and 
'^dk(unf) are linearly independent in Z. ■ 

Let D C BI he a dense subset of Z. Now mimic Section [T3] to obtain Unf E D 
by smoothing Unf and then Proposition[T3]to complete the proof of the dichotomy 
in Theorem [3l 
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We finally consider the situations in which F necessarily has a cusp. For 
the hypothesis k = 1 and > 0 , the argument in the proof of the 

second case of Proposition [H] applies with no change. 

Suppose then k = 1 and F proper. We follow the proof of Proposition [131 
but there are new difficulties. First notice that under hypothesis {Hi), DF{u) 
may cease to be invertible and still Xi{u) ^ 0. For the nonfold Unf obtained 
in the proof of Proposition IT^ however, Ai(m„/) = 0. Also, Ai, > 0 and (5i 
are still globally defined and smooth. Let Ci = {m G Bl, Ai(m) = 0} C C. Since 
VAi(m) 7 ^ 0 for m G Cl (as in the proof of the proposition above), Ci is a manifold. 
It is easy to see that some smoothing Unf obtained from Unf belongs to Ci. Dehne 
Hi to be the zero level of the functional ^i. 

Following the proof of Proposition [TTl every nonfold Unf G A/) = Ci fl Pi is 
regular. Again, Ai is the transversal intersection of the two manifolds Ci and Pi 
near A/i as in Proposition [131 If m G Afi and ti{u) ^ 0, then n is a cusp of F. 
Suppose that ti = 0 in A/i — we derive a contradiction. 

As in Proposition [131 fhe vector field u 0i(m) leaves A/) invariant, and 
each integral curve 7 = {u{t),t G M} C A/i of u' = 0i(m) is sent by F to 
a single point, F{'j). These integral curves may not be periodic. Indeed, the 
function t {'ipi^b,u{t)) is a height function along the curve, since it has positive 
derivative: for k = 1, the eigenfunctions 'ipi^b and (f)i{u{t)) are positive. Take the 
integral curve = {u{t),t G M, m(0) = Mq} C A/i with F{juo) = ^o- 

The set F~^{zo) flA/i may possibly disconnect but it still locally an interval: 
more precisely, for each point z/q G HA/i there is an open neighborhood 

f 4 o C of I/O so that F~^{zo) fl f 4 o is an arc (i.e., 7^0 is diffeomorphic to an 
open interval). This follows from a local form of the construction of fibers. Write 
a Lyapunov-Schmidt decomposition 

Bl = W(B{Myo )), = RanPP(|/o) © {Mvo)) 

where (0i(|/o)) is the line spanned by 0i(|/o)- For small w G W, t G M, split 

F{yo + w + t4>i{yo)) = U F{yo + w + t(j)i{yo)) + {I - U) F{yo + w + t4>i{yo)), 

where n : B^ RanPP(|/o) is the projection with ker 11 = (0i(|/o))- From simple 
spectral arguments, the inverse function theorem applies and we learn that, for 
each hxed t ~ 0, the map w 1 —)■ IlF{yo + w + tcj)i{yo)) is a local diffeomorphism 
near tc = 0 to RaniAF(|/o). In particular, the inversion of a small segment 
zo + t{Myo)),t 0, obtains the small isolated arc G fl through yo — 
in a sense, this arc is a local chunk of a fiber. 

Take now yo = Uq in the construction above and we have, for F{uo) = Zq, 

7^0 Buq © 'Jua B ('^o) Fl Uuq ■ 

Now, suppose that the closure C F“^(zo) is compact. Then, at integer 
times t = n, the sequence u{n) accumulates to u* G B^. By continuity, since 
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u{n) G A/i, we have that m* G A/i and F{u^) = Zq- Consider the solution 7 ^^ of 
m' = (l){u),u(to) = M*. For large n, 

u{n) G 7 „. C C n . 

In particular, the points u{n) he in the single arc through their accumulation 
u* G 7 n* n Uu, for some neighborhood Uu,- More, since the tangent vector (j){u) 
is of norm one, the points u{n) are far apart along the orbit. Accumulation is 
not possible then, since the orbit admits a height function: 7 is not compact. 

Finally, F~^{zo) is also not compact (otherwise the closed subset 7 would be 
too), contradicting the properness of F. The proof of Theorem [3] is now complete. 


4 Appendix: well definedness and continuity 

We prove that the basic functions in the text satisfy the required continuity and 
differentiability. We assume standard boundary conditions. 

4.1 The eigenpair (A®,0®) for potentials q G 

We use a result in [23] yielding smoothness of eigenvalues and eigenvectors in the 
case of interest. For X C Y real Banach spaces, let B = B{X, Y) be the Banach 
space of bounded linear transformations from X to Y, with the operator norm. 

Proposition 16. Let Tq E B have eigenvalue Aq G M and eigenvector (j)o G X , 
so that (To — Ao/)0o = 0. Assume that Tq — XqI is a Fredholm operator of index 
zero with one dimensional kernel, and that 0o ^ Ran(To — XqI). Let £ G X* he 
a linear functional for which £(0o) = 1 ond set V 2 = 0o + Kerf'. Then there is 
an open neighborhood U C B of Tq and unigue analytic maps A : f/ —?■ M and 
(f-.U ^¥2 for which (T - A(T)/) 0(T) = 0 and A(To) = Aq, 0(To) = 0o- 

The operators Tq of Proposition [T] are smooth functions of g G T°°(f2): the 
linear map taking q to ‘multiplication by g’ 

%:L^ ^BiHlH^) , q^Mq 

is clearly bounded. For g G L°°, Propositions [T] and |2] implies the hypothesis of 
the proposition above, and thus Xf : L°° -E M and (f)\ : L°° —)■ are smooth. 

4.2 The eigenpair (A, 0) as a function of u G Z 

Let / : R ^ R be smooth, = Hi n The function F : Bl -E 

is smooth from Proposition [2] and we are interested in X{u) and 4>{u), a simple 
eigenvalue and corresponding normalized eigenvector of DF{u) = —— f'{u) 
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for the potential q = f'{u). The functions X{u) and 0 (m) can be either Ai = 
and 01 or A^ = \\ and 0^, depending on the context. The inner product (m, v) 
makes sense for functions u,v E . Take i.{v) = {(l){u),v), so that = 1. 

Proof of Proposition [3t Proposition fTHl implies the smoothness of A and 0 for 
u E BI'. the smoothness oi u E B^ f'{u) E B^ is (easily) proved. 

We now consider u E Z. We show that <h : Z —)■ B{H^, H^), u ^ is 

wfe-continuous. Take v E H^, ||u|| = 1. Then 

||(/'(Mm) - f{Uoo)) v\\hO < \\f{Um) “ f {Uoo)\\L^r\\v\\ l 2 s , 1/r + 1/s = 1. 

Suppose now n > 5. Take r = n/2,s = n/{n — 2) > 1 so that imbeds 
continuously in and ||n||L2® < C 11^11 1112 . The result follows from the dominated 
convergence theorem because of the uniform L°° bound on f'{um) and f'{uoo)- 
For n < 4, imbed Hi in some H for some q> 2 and repeat. To hnish the proof, 
compose u 1 —)■ Mf^u) with the map from bounded potentials to eigenpairs. A 
second normalization yielding L^-normal eigenvectors is clearly a smooth map. ■ 

The formulas for the derivatives of A and 0 at a point u along a direction v 
are familiar [13]. We conhrm their validity for the more unusual scenario u E Z. 

Proof of Proposition 12 For the directional derivatives DX{u)v, subtract 

DF{u + tv)(j){u + tv) = X{u + tv)(p{u + tv ), DF{u)(j){u) = A(m)0(m) 

to obtain, denoting differences g{u + tv) — g{u) by Sg, 

{DF{u + tv)S(j ), (j){u + tv)) + {SDF (j){u), (j){u + tv)) = 

{X{u + tv)S(p , 0(m + tv)) + {SX (j){u), 0(m + tv)). 

From the symmetry of DF{u + tv), the hrst terms on each side cancel each other. 
We now take limits and use the continuity of 0 : Z —)■ H^: for u,v E Z, 

lim -(A(m + tv) — A(m))(0(m), 0(m)) = hm(-(Zi)F(M + tv) — DF{u)) 0(m), 0(m)) 

i ^0 ^ i ^0 ^ 

and setting VA(m) = —/"(m)0^(m) E Z, by the dominated convergence theorem, 
DX{u)v = lini -( ^ {f{u + tv) - f{u)) 0(m) , 0(m) ) = (VA(m), u). 

For the wfe-continuity of VA(m) : Z ^ Z, take Um-^u^o with ||Mm|loo < C- we 
show that both terms go to zero in 

\\nur,)<t>\um) - nu^)<t>\um)\\ + iir(«oo)0^(«™) - r\u^)ct>\u^)\\ . 

The new ingredient is the uniform bound of the sequence {(j){um)} from Proposi¬ 
tion [U The hrst term goes to zero because /" is Lipschitz on [—C, C]. ■ 

Consider C Hi, C H^ the subspaces of functions orthogonal to 0 (m). 
Let Hw be the orthogonal projection from B^ to W^. 
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Lemma 3. 0 : Z —)■ M admits Gateaux derivatives along functions v ^ Z, 

D4>{u) V = {DF{u) - X{u)I)f^^Uw{nu) 0(m) v) e . 

Also, D(j) ■. Z X Z ^ , Dcfiu, v) = Dcfiu) v, is ub-continuous. 

Proof: Let u, v, G Z. Start as in the proof above to obtain 

( SDF{u) — SX{u) ) (j){u + tv) + {DF{u) — X{u)) S(j){u) = 0 . 

After dividing by t and taking t —)■ 0, the hrst term converges to 

-f'{u) 0(m) V + (/"(m)02(m), n) 0(m) = -Uwif'iu) 0(m) v) , 

since Hw projects orthogonally. The restriction [DF{u) — X{u)I)w '■ 

is an isomorphism. The derivative of 0, in the second term, exists and satishes 

Dct>{u) V = {DF{u) - A(m)/)^i Hh. if'iu) <f{u) v) e W\ 

The spaces and depend on u, being orthogonal complements of 0 (m): 
an algebraic argument clarihes continuity. Dehne T = T{u) : Fl^ —)■ as 

T = DF{u) — X{u)I + 0(m) ® 0(m) where (0(-u) <8) 4>{u))z = {4>{u), z) 0(m) . 

Notice that T leaves and {(j){u)) invariant. Also, the restrictions to W'^ of 
{DF{u) — X{u)I) and T coincide and are invertible. Since T(j){u) = 0(m), T 
is invertible. As in the proof of the wfe-continuity of A, T G varies 

wfe-continuously in m G Z . Inversion preserves continuity and thus 

D(j){u) V = Uw C~^ Uw (/"(m)0(m) v) , 

is wfe-continuous, as well as 

n^(/"(«)02(«)) = /"(«) 02(«) + (/"(«)02(«), 0(«)) 0(«) G m 

4.3 The functionals d, r and the function A 

Differentiability properties for A : Z —)■ require equivalent statements for A 

(Proposition [7]) and for <5 : Z —)■ M, which we prove now. 

Proof of Proposition llOt Since 6{u) = (VA(m), 4>{u)), wfe-continuity of 6 follows 
from Propositions [3] and [71 We now take directional derivatives D6{u)v: 

D5{u)v = - [ f"'{u)(l)%u)v- [ /"(m)3 02(m) (D0(M)n). 

Jn Jn 
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On the second term, using D(f){u) v = Uw C ^ Ylw (/"(m)0(m) n), we have 
( f'\u) 3 (t)^{u ), D(t){u) v) = ( C~^ (/"(m) 3), (/"(m) 0 (m) v) ) 

= (3w(m), (/"(M)0(M)n)) 

and the computation of D5{u)v is complete: we are left with showing the conti¬ 
nuity of V6{u). For Um —^ Moo, we show the convergences 

f t 3lc('U(x)) f (Woo)0(^oo) • 

For the hrst term, proceed as in the argument for VA. For the second, we show 

lk(Wm)( /"(Mm)0(Mm)-/"(Moo)0(Moo)) || + || (m^)(^ 00 ))/"(Moo)0(Moo)) || “t 0 . 

We hrst prove that w{um) —t w{uoo) in L^. 

Since f”{u^)(j){u^) is bounded, \\{w{um) - w{uoo)) f”{uoo)(p{uoo))\\ ^ 0. For 
the hrst term, split again: we show that 

II {w{Um) - w{Uoo)) ( f{Um)(p{Um) “ /"(Moo)0(Moo)) || 

and 

Ik(Woo) ( f"{Um)(l){Um) “ /"(Moo)0(Moo)) || 

go to 0. As before, w{um) w{uoo) and f"{um)((>{um) — f {uoo)4>{uoo) are uni¬ 
formly bounded, and the hrst term is done. The second follows by the dominated 
convergence theorem. 

The fact that A|y^ is on hnite dimensional subspaces 14 follows from the 
statement just proved: its partial derivatives are continuous. One might use the 
sup norm in the arguments: on 14, the L? and the L°° norms are equivalent. ■ 
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